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The aim of this paper is to study topological features of Sub4 X; the ﬁnite subset space of
cardinality at most four associated to a topological space X . We determine its connectivity
in terms of the connectivity of X , hence answering a conjecture of Christopher Tuﬄey in
that case. We compute the Euler characteristic of Sub4 X for any topological space X . We
provide complete homology computations and determine the rational homotopy type of
Sub4 Sd for any d-dimensional sphere.
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1. Introduction
This paper studies ﬁnite subset spaces and builds on recent work on the subject [5]. For X a topological space, Subn X is
the space of subsets of X of cardinality at most n. It has the quotient topology from the identiﬁcation space
Subn X = X unionsq X2 unionsq · · · unionsq Xn/∼
where (x1, . . . , xr) ∼ (y1, . . . , ys) if the underlying sets {x1, . . . , xr} and {y1, . . . , ys} are equal. This space seems to have been
ﬁrst introduced by Borsuk and Ulam in 1931 [1]. Yet, little is known about Subn X for general n and X . In a series of papers
[12–14], C. Tuﬄey has studied the spaces of ﬁnite subsets of the circle, connected graphs, punctured surfaces and closed
surfaces. In particular, he computed the homology of these spaces for small n and then conjectured that the connectivity of
Subn X is n + r − 2 where r is the connectivity of X . In [5], S. Kallel and D. Sjerve verify this conjecture for n = 3 and show
more generally that Subn X is (r + 1)-connected for all n. In Section 3 we reﬁne this work in the case of n = 4 and prove
the following
Theorem 1.1. If X is r-connected, r > 1, then Sub4 X is (r + 2)-connected.
This is done by ﬁrst improving the bound on the connectivity of Sub3 X based on calculations of Nakaoka [9], then using
some pushout diagrams describing Sub4 X in terms of Sub3 X , SP3 X and SP4 X . Recall that SPn X , the nth symmetric product
of X , is the quotient Xn/Sn of Xn by the action of the symmetric group Sn which permutes the coordinates. We follow
the standard notation writing a point in SPn X as a conﬁguration [x1, . . . , xn] and a subset in Subn X as {x1, . . . , xd}, d  n.
As a consequence of the existence of these pushouts, we are able to compute the Euler characteristic χ of Sub4 X which is
found to be
χ(Sub4 X) = 1
24
(
χ(X)4 − 2χ(X)3 + 11χ(X)2 + 14χ(X))
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their rationalizations XQ and YQ are weakly homotopy equivalent [3, p. 111]. In Section 4 we study the rational homotopy
type of Sub4 Sd , d > 1. We shall then prove
Theorem 1.2.
(i) For d odd, d > 1, Sub4 Sd has the rational homotopy type of S2d+1 .
(ii) For d even, Sub4 Sd has the rational homotopy type of S4d ∨ S3d.
This is in accordance with [14, Theorem 1] which shows that Subn S2 has the rational homology of S2n ∨ S2n−2 for all n.
Finally and by taking union of points we obtain pairings
μr,s : Subr X × Subs X −→ Subr+s X, r + s 4
which we refer to as the concatenation pairings. In Section 5 we completely determine these pairings in homology when X
is the 2-sphere.
2. Basic constructions and Euler characteristic
Throughout X will be a CW complex with ﬁnitely many cells in every dimension. We will represent a strict pushout
X = B ∪A C by a commuting square
A
f
g
B
α
C
β
X
(1)
The Euler characteristic χ is additive with respect to such pushouts; i.e. χ(X) = χ(B) + χ(C) − χ(A).
Recall that the fat diagonal F2(X,n) is the subspace of Xn of n-tuples with 2 equal entries. Its image in SPn X is denoted
by B2(X,n) and is also called the fat diagonal. For example B2(X,4), the fat diagonal in SP4 X , is the set of conﬁgurations
of the form [x, x, y, z] ∈ SP4 X and there is a pushout
B2(X,4)
f
g
SP4 X
α
Sub3 X
β
Sub4 X
(2)
where f and β are inclusions, g[x, x, y, z] = {x, y, z} and α is the quotient map. We have also the following pushout
X × X l
π
SP3 X
μ
SP2 X
τ Sub3 X
(3)
where l(x, y) = [x, x, y], τ ([x, y]) = {x, y}, μ and π are quotient maps. The following description of B2(X,4) is equally easy
to establish.
Lemma 2.1. The following diagram
X × X h
π
X × SP2 X
δ
SP2 X
λ B2(X,4)
(4)
is a pushout, where h(x, y) = (x, [y, y]), δ(x, [y, z]) = [x, x, y, z], λ([x, y]) = [x, x, y, y] and π is the quotient map by the S2-
permutation action.
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X × X
π
h
X × SP2 X
δ
SP2 X
λ B2(X,4)
g
f
SP4 X
α
SP3 X
μ
Sub3 X
β
Sub4 X
X × X
l
π
SP2 X
τ
(5)
Associated to these pushouts there are Mayer–Vietoris sequences, in short MVS, which we will be using throughout this
paper. As a consequence we can already derive the following
Proposition 2.2. Given X a topological space with Euler characteristic χ(X), the Euler characteristics of Sub3 X and Sub4 X are given
as follows
χ(Sub3 X) = 1
6
(
χ(X)3 + 5χ(X))
χ(Sub4 X) = 1
24
(
χ(X)4 − 2χ(X)3 + 11χ(X)2 + 14χ(X))
Proof. To prove the ﬁrst equality, we use the pushout (3) and the additivity formula for the Euler characteristic to obtain
the equation
χ(Sub3 X) = χ
(
SP2 X
)+ χ(SP3 X)− χ(X)2 (6)
Now we refer to Macdonald formula [7]:
∞∑
n=0
χ
(
SPn X
)
qn = 1
(1− q)χ(X) (7)
Upon expanding we see that
χ
(
SPn X
)=
(
χ(X) + n − 1
χ(X) − 1
)
(8)
Combining this with (6) yields the computation for χ(Sub3 X). To derive the second equation, we use the diagram of
pushouts (5). Indeed, we have that
χ(Sub4 X) = χ
(
SP4 X
)+ χ(Sub3 X) − χ(B2(X,4)) (9)
and
χ
(
B2(X,4)
)= χ(SP2 X)+ χ(X)χ(SP2 X)− χ(X)2 (10)
hence
χ(Sub4 X) = χ
(
SP4 X
)+ χ(SP3 X)− χ(X)χ(SP2 X) (11)
The Euler characteristic of all the terms on the right are known and the formula follows. 
Example 2.3. When X = Sg is a closed orientable surface of genus g , Tuﬄey [14] shows that
χ(Sub3 Sg) = 1/3
(−4g3 + 12g2 − 17g + 9)
a fact that is obviously in agreement with Proposition 2.2 after replacing χ(X) by 2− 2g .
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For any based connected CW complex X , it is a standard result of Steenrod (see [2]) that we have a splitting
H∗
(
SPn X;Z)∼= H∗(SPn−1 X;Z)⊕ H∗(SPn X,SPn−1 X;Z)
∼= H∗(X;Z) ⊕ H˜∗
(
SP2X;Z)⊕ · · · ⊕ H˜∗(SPn X;Z) (12)
where SPn X := SPn X/SPn−1 X is the reduced symmetric product. The homology of SPn X embeds in the homology of the
inﬁnite symmetric product SP∞ X obtained as the direct limit under the basepoint inclusions SPn X ↪→ SPn+1 X . The inﬁnite
symmetric product is an abelian topological monoid and by work of Dold and Thom
SP∞ X 
∏
i0
K
(
H˜i(X;Z), i
)
Determining the direct summands corresponding to H∗(SPn X) in the homology of this product is work of [8].
Example 2.4. In the case of a sphere Sd , SP∞ Sd  K (Z,d). It is known that for d odd, K (Z,d) has the rational homology
of Sd . When d is even, we have that
H∗
(
K (Z,d);Q)∼= Q[u], degu = d
The rational cohomology of SPn Sd in the even case is a truncated algebra
H∗
(
SPn Sd;Q)∼= Q[u]/(un+1)
In homology, H∗(SPn Sd;Q) will be generated by classes ur dual to the ur . We have the following properties which we will
use freely:
• π∗(u⊗r1 ) = r!ur , where u1 = [Sd] is the top homology class of Sd and π : (Sd)r −→ SPr Sd is the quotient map.• The coproduct on the ur is given by
ur −→
r∑
i=0
ui ⊗ ur−i (13)
• The concatenation pairing SPr Sd × SPs Sd −→ SPr+s Sd sends ur ⊗ us −→
(r+s
s
)
ur+s .
Example 2.5. In the case d = 2, SPn S2 ∼= Pn is the complex projective space. Integrally, H∗(SPn S2) = H∗(Pn) has generators
γi, 1 i  n, deg(γi) = 2i (14)
Geometrically, γi = [Pi] where Pi ⊂ Pn is any linearly embedded projective subspace.
A fact we will use very often in this paper is the following
Lemma 2.6. The power map X −→ SPn X, x −→ xn induces in homology a map which is multiplication by n on the primitives.
Proof. Write the power map as a composite
X
−→ Xn π−→ SPn X, x −→ (x, . . . , x) −→ xn (15)
On primitive classes, ∗ factors through H∗(X)⊕n ↪→ H∗(Xn), and the image of H∗(X)⊕n under π∗ is in the direct summand
H∗(X) ↪→ H∗(SPn X). Since the coproduct on a primitive class a is ∑n−1i=0 1⊗i ⊗ a ⊗ 1⊗n−i−1, and each such term maps to
a ∈ H∗(X) ⊂ H∗(SPn X), the claim follows. 
We next recall that by a fundamental result of Dold, if Hi(X;Z) ∼= Hi(Y ;Z) for i  N then Hi(SPn X;Z) ∼= Hi(SPn Y ;Z)
for i  N for each non-negative integer n. This result is no longer valid for the functor Subn(−) as is illustrated next. To
construct our counterexample, we use P2 and S2 ∨ S4 which constitute one of the simplest examples of spaces having the
same homology but distinct cohomology rings.
Lemma 2.7. H6(Sub3(S2 ∨ S4);Q) ∼= Q ⊕ Q and H6(Sub3 P2;Q) ∼= Q.
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Hk(X × X) l∗⊕π∗−−−→ Hk
(
SP3 X
)⊕ Hk(SP2 X)−→ Hk(Sub3 X)
∂−→ Hk−1(X × X) l∗⊕π∗−−−→ Hk−1
(
SP3 X
)⊕ Hk−1(SP2 X) (16)
To compute H6(Sub3(S2 ∨ S4);Q), we need to determine H∗(SP3(S2 ∨ S4);Q) and H∗(SP2(S2 ∨ S4);Q). As we mentioned,
these are direct summands in
H∗
(
SP∞
(
S2 ∨ S4))∼= H∗(SP∞ S2 × SP∞ S4)
∼= H∗
(
K (Z,2) × K (Z,4))
∼= Q{u1,u2, . . .} ⊗ Q{v1, v2, . . .}, degui = 2i, deg vi = 4i
In our notation Q{x1, x2, . . .} means the vector space over Q with basis generators the xi . Hence H∗(SP3(S2 ∨ S4);Q) is
generated by all classes of the form ur ⊗ vs , r + s  3 (or simply ur vs), where as before ur are dual to ur and similarly vs
are dual to vs .
Since this homology is concentrated in even degrees, we deduce from (16) that H6(Sub3(S2∨ S4)) = coker(l∗ ⊕π∗) where
l∗ ⊕ π∗ : H6
((
S2 ∨ S4)× (S2 ∨ S4))−→ H6(SP3(S2 ∨ S4))⊕ H6(SP2(S2 ∨ S4))
Q{u1 ⊗ v1, v1 ⊗ u1} −→ Q{u3,u1v1} ⊕ Q{u1v1}
To understand l∗ , we rewrite the map l : X × X −→ SP3 X , (x, y) −→ [x, x, y] in the following way
l : X × X ×1−−−→ X × X × X π×1−−−→ SP2 X × X −→ SP3 X
(x, y) −→ (x, x, y) −→ (x2, y) −→ x2 y (17)
So the effect of l∗ ⊕ π∗ is given as follows:
l∗ ⊕ π∗ : u1 ⊗ v1 −→ 2u1v1 ⊕ u1v1, v1 ⊗ u1 −→ 2u1v1 ⊕ u1v1
If we write Q{u1 ⊗ v1, v1 ⊗ u1} ∼= Q ⊕ Q and Q{u3,u1v1} ⊕ Q{u1v1} ∼= Q ⊕ Q ⊕ Q, then the map above takes the form
Q ⊕ Q −→ Q ⊕ Q ⊕ Q, (1,0) −→ (0,2,1) and (0,1) −→ (0,2,1)
and has cokernel H6(Sub3(S2 ∨ S4)) = Q ⊕ Q.
Similarly, H∗(SP3 P2) ∼= H∗(SP3(S2 ∨ S4)) by the result of Dold. The effect of the squaring map on this homology is
however different. Indeed taking X = P2 and n = 2 in (15), we obtain
v1 −→ v1 ⊗ 1+ u1 ⊗ u1 + 1⊗ v1 −→ 2v1 + 2u2
The map l∗ ⊕ π∗ in this case sends
u1 ⊗ v1 −→ 2u1v1 ⊕ u1v1, v1 ⊗ u1 −→ 6u3 ⊕ 2u1v1 ⊕ u1v1
As before this translates into the map Q2 −→ Q3 sending (1,0) −→ (0,2,1) and (0,1) −→ (6,2,1). The cokernel is a
copy of Q as asserted. 
Next we re-derive Tuﬄey’s calculation of H∗(Sub3 S2;Z). This computation will be useful in Section 5.
Lemma 2.8.
H˜∗
(
Sub3 S
2;Z)=
{
Z if ∗ = 6
Z ⊕ Z2 if ∗ = 4 (18)
Proof. Consider the pushout (3). There are only two non-trivial terms in the MVS associated to this pushout. First,
0−→ H6
(
SP3 S2
)= H6(P3) μ∗−→ H6(Sub3 S2)−→ 0
and H6(Sub3 S2) is then a copy of Z. On the other hand, in dimension 4 we have that H4(Sub3 S2;Z) = coker(l∗ ⊕ π∗)
where
l∗ ⊕ π∗ : Z{γ1 ⊗ γ1} −→ Z{γ2} ⊕ Z{γ2}
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the induced map from the squaring map S2 −→ SP2 S2 sends γ1 to 2γ1, it follows by (17) that l∗ ⊕π∗(γ1 ⊗γ1) = 4γ2 ⊕2γ2
hence the cokernel is
H4
(
Sub3 S
2)= 〈μ∗(γ2), τ∗(γ2) ∣∣ 4μ∗(γ2) = 2τ∗(γ2)〉
which we identify with Z ⊕ Z2. 
3. Connectivity
We say a space X is r-connected, r  0, if the homotopy groups πi(X) vanish for i  r. The case X path connected
corresponds to r = 0 and simply connected to r = 1. In [11], Tuﬄey has shown that Subn X is (n − 2)-connected and later
conjectured that this connectivity should be n − 2 + r. In [5], the authors show that Subn X is (r + 1)-connected if r > 1
hence verifying the conjecture in the case n = 3. In this section we prove that Tuﬄey’s conjecture holds for n = 4 as well.
The starting point is the following useful calculation of Nakaoka [9, Corollary 4.7].
Lemma 3.1. Let i : X −→ SPn X ; x −→ [x,∗, . . . ,∗] be the base point inclusion. If X is r-connected, r > 1, then the induced homo-
morphism i∗ : Hk(X;Z) −→ Hk(SPn X;Z) is an isomorphism for k = r + 1 and k = r + 2.
When n = 4, we have also the following result.
Lemma 3.2. If X is r-connected, r > 1, then Hr+1(B2(X,4);Z) = Hr+1(X;Z). In particular, the induced homomorphism
f∗ : Hr+1(B2(X,4);Z) −→ Hr+1(SP4 X;Z) is an isomorphism, where f : B2(X,4) −→ SP4 X is the inclusion.
Proof. First notice that since X is r-connected, Hr(X × X) = 0 hence the ﬁrst non-trivial terms of the MVS associated to the
pushout (4) are given as follows
· · · −→ Hr+1(X × X) h∗⊕π∗−−−−→ Hr+1
(
X × SP2 X)⊕ Hr+1(SP2 X) δ∗−λ∗−−−→ Hr+1(B2(X,4))−→ 0
so Hr+1(B2(X,4)) = coker(h∗ ⊕ π∗). It is then enough to show that coker(h∗ ⊕ π∗) is isomorphic to Hr+1(X). Since X
is r-connected, Hr+1(X × X) = Hr+1(X) ⊕ Hr+1(X). Moreover, Hr+1(SP2 X) = Hr+1(X) by Lemma 3.1. Also because X is
r-connected, all classes a in Hr+1(X) are primitive and we have that
h∗ ⊕ π∗ : a ⊗ 1 −→ a ⊗ 1⊕ a and 1⊗ a −→ 2(1⊗ a) ⊕ a
Denote G := Hr+1(X) then we can write
h∗ ⊕ π∗ : G ⊕ G −→ G ⊕ G ⊕ G; (g1, g2) −→ (g1,2g2, g1 + g2)
To show that coker(h∗ ⊕ π∗) = (G ⊕ G ⊕ G)/(Im(h∗ ⊕ π∗)) is isomorphic to G , consider the homomorphism
φ : G ⊕ G ⊕ G −→ G; (g1, g2, g3) −→ 2g1 + g2 − 2g3
This is obviously surjective with ker(φ) = Im(h∗ ⊕ π∗) and the claim follows. 
The following algebraic fact will be used throughout. Given a pushout as in (1) with Mayer–Vietoris long exact sequence
· · · Hi(A) f∗⊕g∗−−−−→ Hi(B) ⊕ Hi(C) α∗−β∗−−−−→ Hi(X) ∂−→ Hi−1(A) f∗⊕g∗−−−−→ Hi−1(B) ⊕ Hi−1(C) · · ·
then the following is immediate
Lemma 3.3. If Hi(A)
f∗⊕g∗−−−−→ Hi(B) ⊕ Hi(C) is surjective and Hi−1(A) f∗⊕g∗−−−−→ Hi−1(B) ⊕ Hi−1(C) is injective then Hi(X) = 0.
This is useful in obtaining the following main result.
Lemma 3.4. If X is r-connected, r > 1, then Sub3 X is (r + 2)-connected.
Proof. Since Sub3 X is (r + 1)-connected, then by the Hurewicz theorem [4, p. 366] Hr+2(Sub3 X) is isomorphic to
πr+2(Sub3 X) and so it is enough to show that Hr+2(Sub3 X) = 0. Consider the pushout (3) and its associated MVS as
in (16). We will show that
Hr+2(X × X) l∗⊕π∗−−−→ Hr+2
(
SP3 X
)⊕ Hr+2(SP2 X)
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Hr+1(X × X) l∗⊕π∗−−−→ Hr+1
(
SP3 X
)⊕ Hr+1(SP2 X)
is injective from which we conclude that Hr+2(Sub3 X) = 0 using Lemma 3.3. In fact we show that both maps are isomor-
phisms. By Lemma 3.1 we have that
Hr+i
(
SP3 X
)= Hr+i(SP2 X)= Hr+i(X), i = 1,2
In degree r + 1, Hr+1(X × X) = Hr+1(X) ⊕ Hr+1(X) since X is r-connected and we can rewrite l∗ ⊕ π∗ as the map
l∗ ⊕ π∗ : B ⊕ B −→ B ⊕ B, B := Hr+1(X)
Since all classes in Hr+1(X) are primitive, then by Lemma 2.6 the squaring map is multiplication by 2 in homology, so
by (17), l∗(a,b) = 2a + b as a map B ⊕ B −→ B . On the other hand, π∗ : B ⊕ B −→ B is the abelian sum so that
l∗ ⊕ π∗ : (a,b) −→ (2a + b,a + b)
which is an isomorphism. The exact same argument applies for Hr+2 because it also consists of primitive classes since
r > 1. 
Theorem 3.5. If X is r-connected, r > 1, then Sub4 X is (r + 2)-connected.
Proof. As in Lemma 3.4, it is enough to show that Hr+2(Sub4 X) = 0. Consider the pushout (2). The associated MVS is
−→ Hr+2
(
B2(X,4)
) f∗⊕g∗−−−−→ Hr+2(SP4 X)⊕ Hr+2(Sub3 X)
α∗−β∗−−−−→ Hr+2(Sub4 X) ∂−→ Hr+1
(
B2(X,4)
) f∗⊕g∗−−−−→ Hr+1(SP4 X)⊕ Hr+1(Sub3 X)
By Lemma 3.4, Hr+2(Sub3 X) = Hr+1(Sub3 X) = 0, so to deduce that Hr+2(Sub4 X) = 0, it is enough by Lemma 3.3 to show
that
i) the map Hr+2(B2(X,4))
f∗−→ Hr+2(SP4 X) is surjective,
ii) the map Hr+1(B2(X,4))
f∗−→ Hr+1(SP4 X) is injective.
Now i) follows from Lemma 3.1 stating that the composite map
Hr+2(X)
i∗−→ Hr+2
(
B2(X,4)
) f∗−→ Hr+2(SP4 X)
is an isomorphism. The statement ii) follows directly from Lemma 3.2. 
4. Sub4 for spheres
In this section we describe the rational homology of Sub4 Sd using the Mayer–Vietoris sequences associated to the
pushouts depicted in (5). We need to know the homology of B2(Sd,4), Sub3 Sd and SP4 Sd . The rational homology of SPk Sd
was described in Section 2.1 and takes the form:
H∗
(
SPk Sd;Q)∼=
{
H∗(Sd;Q) if d is odd
H∗(Sd ∨ S2d ∨ · · · ∨ Skd;Q) if d is even
4.1. Rational homotopy type of Sub4 Sd, d odd, d > 1
Lemma 4.1. For d odd, Sub3 Sd has the rational homotopy type of the sphere S2d+1 .
Proof. The MVS associated to the pushout (3) and as written up in (16), has only two non-trivial terms. First
0−→ H2d+1
(
Sub3 S
d)−→ H2d(Sd × Sd)−→ 0
and thus H2d+1(Sub3 Sd) ∼= Q. The second term is
0−→ Hd+1
(
Sub3 S
d)−→ Hd(Sd × Sd) l∗⊕π∗−−−→ Hd(SP3 Sd)⊕ Hd(SP2 Sd)−→ Hd(Sub3 Sd)−→ 0
The map
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where u1 = [Sd] is the top homology class of Sd , sends
u1 ⊗ 1 −→ 2u1 ⊕ u1 and 1⊗ u1 −→ u1 ⊕ u1
This is clearly an isomorphism between two copies of Q ⊕ Q. The injectivity of this map implies that Hd+1(Sub3 Sd) = 0
while surjectivity implies that Hd(Sub3 Sd) = 0. Since all other reduced groups are trivial, Sub3 Sd has the rational homology
of the sphere S2d+1. Now the claim that Sub3 Sd has the rational homotopy type of S2d+1 follows from a standard result
stating that if a simply connected space has the rational homology of a sphere, then it has the rational homotopy type of
that sphere. This result is a direct consequence of a rational Hurewicz theorem [6, Corollary 2.5] and the rational Whitehead
theorem [3, Theorem 8.6]. 
Lemma 4.2. For d odd, B2(Sd,4) has the rational homotopy type of Sd.
Proof. Consider the pushout (4). For d odd, the squaring map Sd −→ SP2 Sd is multiplication by 2 in rational homology so
h induces isomorphism in rational homology and by the rational Whitehead theorem, h is a rational homotopy equivalence
since Sd × Sd and Sd × SP2 Sd are simply connected, d being strictly greater than 1. The claim that the map λ is a rational
homotopy equivalence, follows from the following standard fact. Given a pushout as in (1) of simply connected spaces, if f
is a rational homotopy equivalence, then so is β . 
Corollary 4.3. For d odd, the inclusion β : Sub3 Sd −→ Sub4 Sd is a rational homotopy equivalence.
Proof. There are two non-trivial parts in the MVS associated to the pushout (2). The ﬁrst part gives immediately that
β∗ : H2d+1
(
Sub3 S
d;Q)−→ H2d+1(Sub4 Sd;Q)
is an isomorphism. The second part gives that Hd(Sub4 Sd;Q) = 0 since
f∗ : Hd
(
B2
(
Sd,4
);Q)−→ Hd(SP4 Sd;Q)
is an isomorphism. It follows that β is a rational homology equivalence. Since Sub3 Sd and Sub4 Sd are simply connected, it
follows by rational Whitehead theorem that β is a rational homotopy equivalence. 
4.2. Rational homotopy type of Sub4 Sd, d even
In [14, Theorem 1] Tuﬄey has proven that Subn S2 has the rational homology of S2n ∨ S2n−2. In this section and for
n = 3 and n = 4, we generalize this result to all even spheres.
We start by determining the rational homology of Sub3 Sd .
Lemma 4.4. For d even, the space Sub3 Sd has the rational homology of S3d ∨ S2d.
Proof. There are only three non-trivial terms in the MVS associated to the pushout (3). The ﬁrst one is
0−→ H3d
(
SP3 Sd
) μ∗−→ H3d(Sub3 Sd)−→ 0
so that H3d(Sub3 Sd) = Q{μ∗(u3)}. The second term is
0−→ H2d+1
(
Sub3 S
d)−→ H2d(Sd × Sd) l∗⊕π∗−−−→ H2d(SP3 Sd)⊕ H2d(SP2 Sd)−→ H2d(Sub3 Sd)−→ 0
where
l∗ ⊕ π∗ : Q{u1 ⊗ u1} −→ Q{u2} ⊕ Q{u2}
sending
u1 ⊗ u1 −→ 4u2 ⊕ 2u2
with cokernel Q. The last non-trivial term is
0−→ Hd+1
(
Sub3 S
d)−→ Hd(Sd × Sd) l∗⊕π∗−−−→ Hd(SP3 Sd)⊕ Hd(SP2 Sd)−→ Hd(Sub3 Sd)−→ 0
where
W. Taamallah / Topology and its Applications 158 (2011) 1699–1712 1707l∗ ⊕ π∗ : Q{u1 ⊗ 1} ⊕ Q{1⊗ u1} −→ Q{u1} ⊕ Q{u1}
sending
u1 ⊗ 1 −→ 2u1 ⊕ u1 and 1⊗ u1 −→ u1 ⊕ u1
and this is an isomorphism. The injectivity of this map implies that Hd+1(Sub3 Sd) = 0 while surjectivity implies that
Hd(Sub3 Sd) = 0. 
When d = 2 this is just Tuﬄey’s computations on the sphere S2. Next we determine the rational homology of B2(Sd,4).
Lemma 4.5. For d even, B2(Sd,4) has the rational homology of S3d ∨ S2d ∨ S2d ∨ Sd.
Proof. Use the MVS associated to the pushout (4). The ﬁrst non-trivial term is
0−→ H3d
(
Sd × SP2 Sd) δ∗−→ H3d(B2(Sd,4))−→ 0
which gives that H3d(B2(Sd,4)) = Q{δ∗(u1 ⊗ u2)}. The second non-trivial term is
0 −→ H2d+1
(
B2
(
Sd,4
))−→ H2d(Sd × Sd)
h∗⊕π∗−−−−→ H2d
(
Sd × SP2 Sd)⊕ H2d(SP2 Sd)−→ H2d(B2(Sd,4))−→ 0
where
h∗ ⊕ π∗ : Q{u1 ⊗ u1} −→ Q{u1 ⊗ u1} ⊕ Q{1⊗ u2} ⊕ Q{u2}
sending
u1 ⊗ u1 −→ 2(u1 ⊗ u1) ⊕ 2u2
This map is injective and has cokernel Q ⊕Q. The last non-trivial term is
0 −→ Hd+1
(
B2
(
Sd,4
))−→ Hd(Sd × Sd)
h∗⊕π∗−−−−→ Hd
(
Sd × SP2 Sd)⊕ Hd(SP2 Sd)−→ Hd(B2(Sd,4))−→ 0
where
h∗ ⊕ π∗ : Q{u1 ⊗ 1} ⊕ Q{1⊗ u1} −→ Q{u1 ⊗ 1} ⊕ Q{1⊗ u1} ⊕ Q{u1}
sending
u1 ⊗ 1 −→ (u1 ⊗ 1) ⊕ u1 and 1⊗ u1 −→ 2(1⊗ u1) ⊕ u1
so this is a map
Q ⊕ Q −→ Q ⊕ Q ⊕ Q
sending
(1,0) −→ (1,0,1) and (0,1) −→ (0,2,1)
which is injective and has cokernel isomorphic to Q. 
Now we prove the main result of this subsection.
Theorem 4.6. For d even, Sub4 Sd has the rational homotopy type of S4d ∨ S3d.
Proof. As a ﬁrst step, we show that Sub4 Sd has the rational homology of S4d ∨ S3d . To that end we will use the MVS
associated to the pushouts in diagram (5). The ﬁrst non-trivial term in the MVS associated to the middle pushout is
0−→ H4d
(
SP4 Sd
)−→ H4d(Sub4 Sd)−→ 0
which gives that H4d(Sub4 Sd) = Q. The second non-trivial term is
0−→ H3d+1
(
Sub4 S
d)−→ H3d(B2(Sd,4)) f∗⊕g∗−−−−→ H3d(SP4 Sd)⊕ H3d(Sub3 Sd)−→ H3d(Sub4 Sd)−→ 0
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H3d
(
B2
(
Sd,4
))= Q{δ∗(u1 ⊗ u2)}
so that
f∗ ⊕ g∗ : Q
{
δ∗(u1 ⊗ u2)
}−→ Q{u3} ⊕ Q{μ∗(u3)}
The map
f ◦ δ : Sd × SP2 Sd −→ SP4 Sd, (x, [y, z]) −→ [x, x, y, z]
is the same as
f ◦ δ : Sd × SP2 Sd −→ Sd × Sd × SP2 Sd −→ SP2 Sd × SP2 Sd −→ SP4 Sd(
x, [y, z]) −→ (x, x, [y, z]) −→ ([x, x], [y, z]) −→ [x, x, y, z] (19)
Its effect in homology is given by ( f ◦ δ)∗(u1 ⊗ u2) = 6u3. Similarly,
g ◦ δ : Sd × SP2 Sd −→ Sub3 Sd,
(
x, [y, z]) −→ {x, y, z}
is the same as
g ◦ δ : Sd × SP2 Sd −→ SP3 Sd μ−→ Sub3 Sd,
(
x, [y, z]) −→ [x, y, z] −→ {x, y, z} (20)
which in homology sends u1 ⊗ u2 to 3μ∗(u3). In conclusion,
f∗ ⊕ g∗ : Q
{
δ∗(u1 ⊗ u2)
}−→ Q{u3} ⊕ Q{μ∗(u3)}, δ∗(u1 ⊗ u2) −→ 6u3 ⊕ 3μ∗(u3)
which is injective and has cokernel isomorphic to Q.
The second non-trivial term in the MVS is
0−→ H2d+1
(
Sub4 S
d)−→ H2d(B2(Sd,4)) f∗⊕g∗−−−−→ H2d(SP4 Sd)⊕ H2d(Sub3 Sd)−→ H2d(Sub4 Sd)−→ 0
where
f∗ ⊕ g∗ : Q
{
δ∗(1⊗ u2)
}⊕ Q{λ∗(u2)}−→ Q{u2} ⊕ Q{μ∗(u2)}
such that
f∗ ◦ δ∗(1⊗ u2) = u2 and g∗ ◦ δ∗(1⊗ u2) = μ∗(u2)
On the other hand, the map
f ◦ λ : SP2 Sd −→ SP4 Sd, [x, y] −→ [x, x, y, y]
is the same as
f ◦ λ : SP2 Sd −→ SP2 Sd × SP2 Sd −→ SP4 Sd, [x, y] −→ ([x, y], [x, y]) −→ [x, x, y, y] (21)
which in homology sends u2 to 4u2 since by (13) the coproduct on u2 ∈ H2d(SP2 Sd) is u2 ⊗ 1+ u1 ⊗ u1 + 1⊗ u2.
Consider the pushout (5) again. We have that
g∗ ◦ λ∗(u2) = τ∗(u2)
On the other hand, the relation τ∗ ◦ π∗(u1 ⊗ u1) = μ∗ ◦ l∗(u1 ⊗ u1) gives that
2τ∗(u2) = 4μ∗(u2)
Hence rationally
g∗ ◦ λ∗(u2) = 2μ∗(u2)
Since δ ◦ h = λ ◦ π , we have that
g∗ ◦ λ∗(u2) = g∗ ◦ δ∗(u1 ⊗ u1) = 2μ∗(u2) (22)
To sum up, the homomorphism
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{
δ∗(1⊗ u2)
}⊕ Q{λ∗(u2)}−→ Q{u2} ⊕ Q{μ∗(u2)}
sends
δ∗(1⊗ u2) −→ u2 ⊕ μ∗(u2) and λ∗(u2) −→ 4u2 ⊕ 2μ∗(u2)
which is equivalent to the map
Q ⊕ Q −→ Q ⊕ Q, (1,0) −→ (1,1) and (0,1) −→ (4,2)
which is an isomorphism.
The last non-trivial term in the MVS is
0−→ Hd+1
(
Sub4 S
d)−→ Hd(B2(Sd,4)) f∗⊕g∗−−−−→ Hd(SP4 Sd)⊕ Hd(Sub3 Sd)−→ Hd(Sub4 Sd)−→ 0
Since Hd(Sub3 Sd) = 0 and f∗ : Hd(B2(Sd,4)) −→ Hd(SP4 Sd) is an isomorphism (Lemma 3.2), then Hd(Sub4 Sd) = 0.
To show that Sub4 Sd and S4d ∨ S3d have the same rational homotopy type, we need to exhibit a weak homotopy
equivalence (S4d ∨ S3d)Q −→ (Sub4 Sd)Q between their corresponding rationalizations.
We construct (S3d)Q −→ (Sub4 Sd)Q from a map ζ : S3d −→ (Sub4 Sd)Q whose existence is a direct consequence of the
rational Hurewicz theorem since
π3d
((
Sub4 S
d)
Q
)= π3d(Sub4 Sd)⊗ Q = H3d(Sub4 Sd;Q)= Q
However we can be more explicit and show that ζ is induced from the composite
f : (Sd)3 −→ Sub3 Sd ↪→ Sub4 Sd −→ (Sub4 Sd)Q
where the ﬁrst map is the projection (x, y, z) −→ {x, y, z}. Indeed, by rational Hurewicz theorem
πk
((
Sub4 S
d)
Q
)= πk(Sub4 Sd)⊗ Q = H˜k(Sub4 Sd;Q)= 0, for k = 0..2d
so f factors through the quotient of (Sd)3 by its 2d-skeleton, but the 2d-skeleton of (Sd)3 is precisely the fat wedge
consisting of triples (x1, x2, x3) ∈ (Sd)3 where at least one xi is the base point of Sd . Now this quotient is the smash product
Sd ∧ Sd ∧ Sd = S3d and we get a homotopy commutative diagram
(Sd)3 Sub3 Sd Sub4 Sd (Sub4 S
d)Q
S3d
It follows by previous homology computations that the constructed map S3d −→ (Sub4 Sd)Q induces an isomorphism on
H3d(−;Q).
Now we treat the case of dimension 4d. The space Sub4 Sd is (d + 1)-connected so by rational Hurewicz theorem [6,
Theorem 1.1], the map
πi
(
Sub4 S
d)⊗ Q −→ Hi(Sub4 Sd;Q)
is an isomorphism for i = 1..2d + 2. By previous homology computations, this means that πi(Sub4 Sd) ⊗ Q = 0 for i =
1..2d + 2. By rational Hurewicz theorem again we have that
πi
(
Sub4 S
d)⊗ Q −→ Hi(Sub4 Sd;Q)
is an isomorphism for i = 1..4d + 4. In particular, in dimension 4d the Hurewicz map
π4d
(
Sub4 S
d)⊗ Q −→ H4d(Sub4 Sd;Q)
is an isomorphism. It follows that
π4d
((
Sub4 S
d)
Q
)= π4d(Sub4 Sd)⊗ Q = H4d(Sub4 Sd;Q)= Q
which means that the class in dimension 4d of (Sub4 Sd)Q is spherical.
In conclusion, there is a map θ : S4d ∨ S3d −→ (Sub4 Sd)Q that induces isomorphism on rational homology. By rational
Whitehead theorem, θ is a rational homotopy equivalence, hence the induced rationalization map θQ : (S4d ∨ S3d)Q −→
((Sub4 Sd)Q)Q is a weak homotopy equivalence. Now the claim follows from the fact that the rationalization of (Sub4 Sd)Q
is (Sub4 Sd)Q itself. 
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Next we give an integral homology calculation hence re-deriving a calculation of H∗(Sub4 S2;Z) by Tuﬄey [14] which
will be useful in Section 5. We use an MVS associated to the pushouts (5) to do this computation. This is different from
Tuﬄey’s method who uses cellular decomposition.
Lemma 4.8.
H˜∗
(
Sub4 S
2;Z)=
⎧⎨
⎩
Z if ∗ = 8
Z ⊕ Z3 if ∗ = 6
Z2 if ∗ = 4
(23)
Proof. In dimension 8, H8(Sub4 S2) is obviously isomorphic to H8(SP4 S2) ∼= H8(P4) ∼= Z.
To determine H6(Sub4 S2) we analyze the map
f∗ ⊕ g∗ : H6
(
B2
(
S2,4
))−→ H6(SP4 S2)⊕ H6(Sub3 S2)
which is a map Z −→ Z ⊕ Z. The group Z ∼= H6(B2(S2,4)) is generated by the top class in S2 × SP2 S2, so we have to
understand the effect of the maps f ◦ δ and g ◦ δ on H6 in light of (19) and (20) respectively. The ﬁrst map is multiplication
by 6 because it is the image of (γ1 ⊗ 1+ 1⊗ γ1) ⊗ γ2 which is 2
(3
1
)
γ3 = 6γ3. The second map is multiplication by 3, using
the fact that on H6 the map SP3 S2 −→ Sub3 S2 is an isomorphism. This then means that f∗ ⊕ g∗ is injective and that
H6
(
Sub4 S
2;Z)= coker
(
Z −→ Z ⊕ Z
1 −→ (6,3)
)
and this is Z ⊕Z3.
Now we determine H4(Sub4 S2;Z) using the MVS associated to the pushout (2). To do this, we need to determine
H4(B2(S2,4);Z) and H4(Sub3 S2;Z). The latter is determined in Lemma 2.8. The group H4(B2(S2,4);Z) = coker(h∗ ⊕ π∗),
where
Z{γ1 ⊗ γ1} h∗⊕π∗−−−−→ Z{γ1 ⊗ γ1} ⊕ Z{1⊗ γ2} ⊕ Z{γ2}
sending
γ1 ⊗ γ1 −→ 2(γ1 ⊗ γ1) ⊕ 2γ2
so the cokernel
H4
(
B2
(
S2,4
))= 〈δ∗(γ1 ⊗ γ1), δ∗(1⊗ γ2), λ∗(γ2) ∣∣ 2δ∗(γ1 ⊗ γ1) = 2λ∗(γ2)〉
which we identify with Z ⊕ Z ⊕ Z2 by rearranging generators and relations in the following way
H4
(
B2
(
S2,4
))= 〈δ∗(γ1 ⊗ γ1), δ∗(1⊗ γ2), δ∗(γ1 ⊗ γ1) − λ∗(γ2) ∣∣ 2[δ∗(γ1 ⊗ γ1) − λ∗(γ2)]= 0〉
Now H4(Sub4 S2;Z) = coker( f∗ ⊕ g∗), where
f∗ ⊕ g∗ : Z
{
δ∗(γ1 ⊗ γ1)
}⊕ Z{δ∗(1⊗ γ2)}⊕ Z2{δ∗(γ1 ⊗ γ1) − λ∗(γ2)}
−→ Z{γ2} ⊕ Z
{
μ∗(γ2)
}⊕ Z2{2μ∗(γ2) − τ∗(γ2)}
By (19) we have that
f∗ ◦ δ∗(γ1 ⊗ γ1) = 4γ2 and f∗ ◦ δ∗(1⊗ γ2) = γ2
Similarly, by (20) we have that
g∗ ◦ δ∗(γ1 ⊗ γ1) = 2μ∗(γ2) and g∗ ◦ δ∗(1⊗ γ2) = μ∗(γ2)
By (21), f∗ ◦ λ∗(γ2) = 4γ2. On the other hand we have that g∗ ◦ λ∗(γ2) = τ∗(γ2).
In conclusion, H4(Sub4 S2;Z) = coker( f∗ ⊕ g∗) where
f∗ ⊕ g∗ : Z
{
δ∗(γ1 ⊗ γ1)
}⊕ Z{δ∗(1⊗ γ2)}⊕ Z2{δ∗(γ1 ⊗ γ1) − λ∗(γ2)}
−→ Z{γ2} ⊕ Z
{
μ∗(γ2)
}⊕ Z2{2μ∗(γ2) − τ∗(γ2)}
sending
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δ∗(1⊗ γ2) −→ γ2 ⊕ μ∗(γ2)
δ∗(γ1 ⊗ γ1) − λ∗(γ2) −→ 2μ∗(γ2) − τ∗(γ2)
and then the cokernel H4(Sub4 S2) is the group generated by
α∗(γ2), β∗ ◦ μ∗(γ2), 2β∗ ◦ μ∗(γ2) − β∗ ◦ τ∗(γ2)
modulo the following relations
4α∗(γ2) = 2β∗ ◦ μ∗(γ2)
α∗(γ2) = β∗ ◦ μ∗(γ2)
2β∗ ◦ μ∗(γ2) − β∗ ◦ τ∗(γ2) = 0
2
[
2β∗ ◦ μ∗(γ2) − β∗ ◦ τ∗(γ2)
]= 0
which we identify with Z2 by writing H4(Sub4 S2) = 〈α∗(γ2) | 2α∗(γ2) = 0〉. 
5. The concatenation pairing
By taking union of points we obtain pairings
μr,s : Subr X × Subs X −→ Subr+s X, r + s 4
which we refer to as the concatenation pairings. We wish to investigate the effect in homology of these pairings for spheres.
In the case X is an odd sphere, this pairing is necessarily trivial. Next we study the case of X is the 2-sphere. Here is a
ﬁrst observation.
Lemma 5.1. Consider
μ2,2 : Sub2 S2 × Sub2 S2 −→ Sub4 S2
and write H4(Sub2 S2;Z) = Z{a} and H8(Sub4 S2;Z) = Z{z}. Then
(μ2,2)∗(a ⊗ a) = 6z
Proof. Since Sub2 S2 = SP2 S2 = P2, then H8(Sub2 S2 × Sub2 S2) = H4(Sub2 S2) ⊗ H4(Sub2 S2). Hence the induced map in
homology at dimension 8 is
(μ2,2)∗ : H4
(
Sub2 S
2)⊗ H4(Sub2 S2)−→ H8(Sub4 S2)
Observe that the following diagram commutes
SP2 S2 × SP2 S2 SP4 S2
Sub2 S2 × Sub2 S2 Sub4 S2
where Sub2 S2 ∼= SP2 S2 and H8(Sub4 S2) ∼= H8(SP4 S2), hence (μ2,2)∗ is the same as the top pairing H4(P2) ⊗ H4(P2) −→
H8(P4) which is a pairing of divided power algebra. The generator a = γ2 and so (γ2 ⊗ γ2) −→
(4
2
)
γ4 = 6γ4 = 6z. 
Consider the diagram of pushouts as in (5) in the special case of the 2-sphere S2. We want to analyze the map induced
by α
H˜∗
(
SP4 S2;Z)=
⎧⎪⎪⎨
⎪⎪⎩
Z if ∗ = 8
Z if ∗ = 6
Z if ∗ = 4
Z if ∗ = 2
H(α)−−−→ H˜∗
(
Sub4 S
2;Z)=
⎧⎨
⎩
Z if ∗ = 8
Z ⊕ Z3 if ∗ = 6
Z2 if ∗ = 4
(24)
As well as the map
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(
Sub3 S
2;Z)=
{
Z if ∗ = 6
Z ⊕ Z2 if ∗ = 4
H(β)−−−→ H˜∗
(
Sub4 S
2;Z)=
⎧⎨
⎩
Z if ∗ = 8
Z ⊕ Z3 if ∗ = 6
Z2 if ∗ = 4
(25)
induced from the inclusion β : Sub3 S2 ↪→ Sub4 S2.
We write Hi(α) the map Hi(SP4 S2) −→ Hi(Sub4 S2). Similarly for Hi(β).
Because of connectivity, H2(α) = 0. Because the homological dimension for B2(S2,4) and Sub3 S2 is 6, H8(α) is an
isomorphism. It remains to determine H6(α), H4(α), H6(β) and H4(β). We get the following result.
Proposition 5.2.
H4(α) : Z{a} −→ Z2{t}; a −→ t
H4(β) : Z{b} ⊕ Z2{c} −→ Z2{t}; b −→ t, c −→ 0
And
H6(α) : Z{a} −→ Z2{t} ⊕ Z3{s}; a −→ t
H6(β) : Z{b} −→ Z{t} ⊕ Z3{s}; b −→ 2t − s
Proof. To ﬁnd out about the map H6(SP4 S2) = Z −→ H6(Sub4 S2) = Z⊕Z3, we identify H6(Sub4 S2;Z) with coker( f∗ ⊕ g∗)
(see the pushout (2)) and we analyze the quotient map
H6
(
SP4 S2
)⊕ H6(Sub3 S2) q−→ H6(Sub4 S2)
Z ⊕ Z −→ Z ⊕ Z3
We need to label the generators on the left-hand of q, say a and b. We will write the images of a and b in the cokernel
H6(Sub4 S2) as a¯ and b¯ respectively. Then H6(Sub4 S2) is the abelian group generated by a¯ and b¯ subject to the relation
6a¯ = 3b¯
which we identify with Z ⊕ Z3 by choosing new generators (t, s) := (a¯,2a¯ − b¯). This means that the map
q : Z{a} ⊕ Z{b} −→ Z{t} ⊕ Z3{s}
sends q(a) = t and q(b) = 2t − s. Hence
H6(α) : Z{a} −→ Z{t} ⊕ Z3{s}; a −→ t
and
H6(β) : Z{b} −→ Z{t} ⊕ Z3{s}; b −→ 2t − s
In light of computations made in the proof of Lemma 4.8, we determine H4(α) and H4(β) in exactly the same way. 
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